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EXERCISE 8.1

1. If the diagonals of a parallelogram are equal, then show that it is a rectangle.
SOLUTION:

A B

D C

To show that ABCD is a rectangle if the diagonals of a parallelogram are equal
To show ABCD is a rectangle, we have to prove that one of its interior angles is right-angled.
Proof, In AABC and ABAD,

AB = BA (Common)

BC = AD (Opposite sides of a parallelogram are equal)

AC =BD (Given)

Therefore, AABC = ABAD [SSS congruency]

ZA = /B [Corresponding parts of Congruent Triangles]

also,

ZA+/B = 180° (Sum of the angles on the same side of the transversal)
=2/A=180°

= /ZA=90°= /B

Therefore, ABCD is a rectangle.

Hence Proved.
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2. Show that the diagonals of a square are equal and bisect each other at right angles.

SOLUTION:

D C
Let ABCD be a square and its diagonals AC and BD intersect each other at O.
To show that, AC = BD
AO=0C
and ZAOB =90°
Proof, In AABC and ABAD,
AB = BA (Common)
ZABC = ZBAD = 90° (each 90°)
BC = AD (Opposite side of a square)
AABC = ABAD [SAS congruency]
Thus,
AC =BD [CPCT]
diagonals are equal.
Now,
In AAOB and ACOD,
ZBAO = ZDCO (Alternate interior angles)
ZAOB = ZCOD (Vertically opposite)
AB = CD (opposite side of a square)
AAOB = ACOD [AAS congruency|
Thus,
AO = CO [CPCT].
Diagonal bisect each other.
Now,
In AAOB and ACOB,
OB = OB (Common)
AO = CO (diagonals are bisected)
AB = CB (Sides of the square)
AAOB = ACOB [SSS congruency]
also, ZAOB = ZCOB [CPCT]
ZAOB+ZCOB = 180° (Linear pair)
2/A0B = 180°
ZAOB =90°
Diagonals bisect each other at right angles

™ Veda Academy




QUADRILATERALS

3.

4.

Diagonal AC of a parallelogram ABCD bisects Z A (see Fig. 8.11). Show that

(i) it bisects ZC also,

(ii) ABCD is a rhombus.

D C
A B
Fig. 8.11

SOLUTION:

(i) «DAC=4BAC ... (1) [Given]
/ZDAC=4/ZBCA ... (2) [Alternate angles]
/ZBAC=/ZACD ... 3) [Alternate angles]
From the equations (1), (2) and (3), we have
/Z/ACD=«/BCA ... (4)

Hence, diagonal AC bisects angle C also.

(ii) From the equation (2) and (4), we have

ZACD = ZDAC

In AADC,

ZACD = ZDAC [Proved above]

AD=DC [In a triangle, the sides opposite to equal angle are equal]

A parallelogram whose adjacent sides are equal, is a rhombus. Hence, ABCD is a rhombus.

ABCD is a rectangle in which diagonal AC bisects ZA as well as ZC. Show that:

(i) ABCD is a square

(i) Diagonal BD bisects /B as well as ZD.
SOLUTION:

(i) Given: ABCD is arectangle £/1 = £2 and £3 = /4.

To prove: ABCD is a square.

D C
Ll=z4 . (1) [Alternate angles] 3 <
3=/4 . () [Given]
Hence, L1=43 ... 3) [From (1) and (2)] 1
In AADC, 2

A B
L1=/3 [From (3)]
DC=AD [In a triangle, sides opposite to equal angle are equal]

A rectangle, whose adjacent sides are equal, is a square.
Hence, ABCD is a square.
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(ii) To prove: Diagonal BD bisects angle B as well as angle D. D C
L5=428 L. (4) [Alternate angles] 2 :
In AADB,
AB=AD [ABCD is a square] A 5 g B
L1=25 L. (5) [Angles opposite to equal sides are equal]
Hence, £L7=48 ... (6) [From (4) and (5)]
and L7=26 ... (7) [Alternate angles]
Hence, £/5=46 ... (8) [From (5) and (7)]

Hence, from (6) and (8), diagonal BD bisects angle B as well as D.

5. In parallelogram ABCD, two points P and Q are taken on diagonal BD such that DP = BQ (see Fig.
8.12). Show that:

(i) AAPD = ACQB

(i) AP=CQ
(iii) AAQB = ACPD
(iv) AQ=CP
(v) APCQ is a parallelogram
Av D
B '
(G
Fig. 8.12

SOLUTION:

(i) In AAPD and ACQB,
DP = BQ (Given)
ZADP = ZCBQ (Alternate interior angles)
AD = BC (Opposite sides of a parallelogram)
Thus, AAPD = ACQB [SAS congruency]
(ii) AP=CQ by CPCT as AAPD = ACQB.
(iii) In AAQB and ACPD,
BQ = DP (Given)
ZABQ = ZCDP (Alternate interior angles)
AB = CD (Opposite sides of a parallelogram)
Thus, AAQB = ACPD [SAS congruency]
(iv) As AAQB = ACPD
AQ =CP [CPCT]
(v) From the questions (ii) and (iv), the opposite sides of quadrilateral APCQ are equal.
Hence, APCQ is a parallelogram.

™ Veda Academy




QUADRILATERALS

6.

7.

ABCD is a parallelogram and AP and CQ are perpendiculars from vertices A and C on diagonal
BD (see Fig. 8.13). Show that

(i) AAPB = ACQD
(i) AP=CQ

SOLUTION:

(i) In AAPB and ACQD,
ZABP = ZCDQ (Alternate interior angles)
ZAPB = ZCQD (equal to 90° as AP and CQ are perpendiculars)
AB = CD (ABCD is a parallelogram)
AAPB = ACQD [AAS congruency]|
(ii) As AAPB = ACQD.
AP = CQ [CPCT]
ABCD is a trapezium in which AB || CD and AD = BC (see Fig. 8.14). Show that
(i) ZA=Z/B
(i) LC=4D
(iii) AABC = ABAD
(iv) diagonal AC = diagonal BD
[Hint: Extend AB and draw a line through C parallel to DA intersecting AB produced at E.]

A B /S
l'llE
D C
Fig. 8.14

SOLUTION:
(i) Construction: Produce AB and draw a line through C parallel to AD, which intersects produced AB

atE.

In AECD,

AE|| DC [Given]

AD|| CE [By construction]
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Hence, AECD is a parallelogram.

AD=CE ... (1) [Opposite sides of a parallelogram are equal]

AD=BC ... (2) [Given]

Hence, CE = BC [From the equation (1) and (2)]

Therefore, in ABCE,

Z3=24 L. (3) [In a triangle, the angles opposite to equal sides are equal]
Here, /2 + /3=180° ... (4) [Linear Pair]

Z1+/4=180° ... (5) [Co-interior angles]

Therefore, /2 + /3= /1+ £4 [From the equation (4) and (5)]

= /2=/1=/B=/A [£3 = /4]

(ii) ABCD is a trapezium in which AB || DC, hence, A B Lo
Z1+4D=180° ... (6) [Co-interior angles] 1 27X3 4%"13'
L2+ /C=180° ... (7) [Co-interior angles] ’
Therefore, £1 + /D= /2 + ZC [From the equation (6) and (7)] ;

— /D=/C (/2= /1] D ¢

(iii) In AABC and ABAD,
BC =AD [Given] A B s
ZABC = ZBAD [Proved above] E
AB = AB [Common] ’
Hence, AABC = ABAD [SAS Congruency rule]

(iv) AABC =z ABAD [Proved above] P ¢

Diagonal AC = Diagonal BD [CPCT]

EXERCISE 8.2

1. ABCD is a quadrilateral in which P, Q, R and S are mid-points of the sides AB, BC, CD and DA
(see Fig 8.20). AC is a diagonal. Show that:

1
(i) SR||AC and SR = EAC

(i) PQ=SR
(iii) PQRS is a parallelogram.
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SOLUTION:

(i) In ADAC,
R is the mid point of DC and S is the mid point of DA.

1

Thus by mid point theorem, SR || AC and SR =—-AC
2

(ii) In ABAC,

P is the mid point of AB and Q is the mid point of BC.
1 1

Thus by mid point theorem, PQ || AC and PQ = — AC also, SR =-AC
2

2
PQ=SR
(iii) SR||AC from question (i)
and, PQ || AC from question (i1)
= SR || PQ — from (i) and (ii) also, PQ = SR
PQRS is a parallelogram.

2. ABCD is arhombus and P, Q, R and S are the mid-points of the sides AB, BC, CD and DA,
respectively. Show that the quadrilateral PQRS is a rectangle.

SOLUTION:
In AABC,
P is mid-point of AB [Given] B
Q is mid-point of BC [Given] i

1 P/ L NQ
Hence, PQ || AC and PO = 5 AC L (1) [Mid Point Theorem] Mi N

X Gt el ---> C
Similarly, in AACD, i
S is mid-point of AD [Given] S i R
R is mid-point of CD [Given] i
D

Hence, SR || AC and SR = %AC ..... (2) [Mid Point Theorem]
From (1) and (2), we have
PQIlSR . (3) [PQI| AC and SR|| AC]
and PQ=SR . 4) [SR = %AC and PQ = %AC}

Hence, PQRS is a parallelogram.
Similarly, in ABCD,

Q is mid-point of BC [Given]

R is mid-point of CD [Given]

Hence, QR || BD [Mid Point Theorem]
OoNllLM (5)

and, LQ|lMN . 6) [PQIl AC]

From (5) and (6), we have
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LMNQ is a parallelogram.
Hence, ZLMN = ZLQN
But, ZLMN = 90°

Hence, ZLMN = 90°

[Opposite angles of a parallelogram]

[Digonals of a rhombus are perpendicular to each other]

A parallelogram whose one angle is right angle, is a rectangle. Hence, PQRS is a rectangle.

ABCD is a rectangle and P, Q, R and S are mid-points of the sides AB, BC, CD and DA,
respectively. Show that the quadrilateral PQRS is a rhombus.

SOLUTION:

In AABC,

P is mid-point of AB
Q is mid-point of BC

Hence, PQ || AC and PQ= %AC

Similarly, in AACD,
S is mid-point of AD
R is mid-point of CD

Hence, SR|| AC and SR = %AC

From (1) and (2), we have
PQl| SR

and PQ = SR

Hence, PQRS is a parallelogram.
Similarly, in ABCD,

Q is mid-point of BC

R is mid-point of CD

Hence, QR = %BD

Given that: AC=BD
From (1), (5) and (6), we have

PQ=0QR

[Given]
[Given]

(1) [Mid Point Theorem]

[Given]
[Given]

(2) [Mid Point Theorem]

A S D

(3) [PQI| AC and SR|| AC]

(4) {SR =%AC and PQ =

[Given]
[Given]

(5) [Mid Point Theorem]

1ac|
2

(6) [Diagonal of a rectangle are equal]

A parallelogram whose adjacent sides are equal, is a rhombus. Hence PQRS is a rhombus.

ABCD is a trapezium in which AB || DC, BD is a diagonal and E is the mid-point of AD. A line is drawn
through E parallel to AB intersecting BC at F (see Fig. 8.21). Show that F is the mid-point of BC.
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SOLUTION:

In AABD,

E is mid-point of AD [Given]

and EG || AB [Given]

Hence, G is mid-point of BD. [Converse of Mid-Point Theorem]|
Similarly,

In ABCD,

G is mid- point of BD [Proved above]

and FG || DC [Given]

Hence, F is mid-point of BC. [Converse of Mid-Point Theorem]|

5. In a parallelogram ABCD, E and F are the mid-points of sides AB and CD, respectively (see Fig.
8.22). Show that the line segments AF and EC trisect the diagonal BD.

D a C
P
A E B
Fig. 8.22
SOLUTION:
In quadrilateral ABCD,
AB=CD [Given]
L as=Lep
2 2
= AE=CF [E and F are the mid-points of AB and CD respectively]
In quadrilateral AECEF,
AE =CF [Proved above]
AE || CF [Opposite sides of a parallelogram]
Hence, AECF is a parallelogram.
In ADCQ,
F is mid-point of DC [Given]
and FP || CQ [AECF is a parallelogram]
Hence, P is mid-point of DQ [Converse of Mid-Point Theorem]
Hence, DP=PQ ... (D)
Similarly,
In AABP,
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E is mid-point of AB [Given]

and EQ || AP [AECEF is a parallelogram]

Hence, Q is mid-point of PB [Converse of Mid-Point Theorem]|
Hence, PQ=QB ... 2)

From (1) and (2), we have

DP=PQ=0QB

Hence, line segment AF and EC trisect BD.

6.  ABC is a triangle right angled at C. A line through the mid-point M of hypotenuse AB and parallel
to BC intersects AC at D. Show that

(i) D is the mid-point of AC
(i) MD L AC

1
(i) CM=MA = s AB

SOLUTION:

C D A
(i) In AACB,
M is the midpoint of AB and MD || BC
D is the midpoint of AC (Converse of mid point theorem)
(i) ZACB = ZADM (Corresponding angles)
also, ZACB =90°
ZADM =90° and MD L AC

(iii) In AAMD and ACMD,
AD = CD (D is the midpoint of side AC)
ZADM = ZCDM (Each 90°)
DM = DM (common)
AAMD = ACMD [SAS congruency]
AM = CM [CPCT]

1
also, AM = — AB (M is midpoint of AB)
2

1
Hence, CM =MA=—-AB
2
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